In this research, an efficient and effective method is proposed to derive the boundary conditions of an anisotropic beam in the asymptotic sense. We first set up the constrained virtual work by introducing the Lagrange multiplier on the displacement prescribed boundary. The macroscopic beam and microscopic cross-section equations with the boundary conditions are simultaneously obtained by taking the asymptotic expansion on the displacement vector. In this way, the three-dimensional characteristics of the beam are asymptotically smeared into the macroscopic beam equations and the beam boundary conditions. The boundary conditions obtained are then compared to those from the decay analysis method. The beam bending slope boundary condition obtained in the frame work of variational principle is different from the well-known average condition. This new boundary condition is more accurate than the average one for a sandwich beam. This is further demonstrated and discussed via the examples of a cantilever beam loaded at the end.
Introduction
An asymptotic method is mathematically rigorous and can potentially provide accurate predictions for anisotropic heterogenous beam structures without making prior assumptions. Some of the known asymptotic methods include the formal asymptotic method (Fan and Widera, 1992; Trabucho and Viaño, 1996) , the variational asymptotic method (Trabucho and Viaño, 1996; Berdichevsky, 1981) , and the partial homogenization method (Panasenko, 2002) . These asymptotic methods work very well for the classical approximation to the problem (e.g. Euler-Bernoulli beam theory). Although the classical beam theory is adequate for many engineering applications, one may need to obtain higher precision for other applications, such as for beam vibration with composite couplings or for sandwich beam analysis. It is however difficult to use the asymptotic methods beyond the classical approximation without relying on the boundary layer solutions (Gregory and Wan, 1984) .
Various approaches have been proposed to circumvent such a difficulty, such as the formal asymptotic approach with the decay analysis method (Fan and Widera, 1992; Duva and Simmonds, 1991; Buannic and Cartraud, 2001b ) and the variational asymptotic approach with the Timoshenko-like energy transformation (Yu et al., 2002; Yu and Hodges, 2004) . The decay analysis method has been successfully applied to a sandwich beam and to periodic heterogenous beams as well as to isotropic and orthotropic beams. It is however challenging to obtain the asymptotically correct boundary conditions via the decay analysis method (Gregory and Wan, 1984) for general engineering applications, since it requires the beam fundamental solutions of a semi-infinite beam under unit tension, bending, flexure and torsion. The variational asymptotic approach discussed in Yu et al. (2002) , and Yu and Hodges (2004) is applicable to many engineering problems and can provide reliable solutions. However, there are still limitations when the method is applied to some problems, such as for a composite box beam with bending-shear coupling (Kim et al., 2008 (Kim et al., , 2011 Kim and Wang, 2010) . In this case, its macroscopic form is still building upon the traditional Rankine-Timoshenko theory, and therefore, its boundary conditions are the same as those of the Rankine-Timoshenko theory.
Given the challenges mentioned above, it would be most desirable to obtain the boundary conditions that satisfy both asymptotically correctness and engineering applicability. This can be achieved by deriving a set of simplified boundary conditions instead of using the decay analysis method. The necessary conditions to decay for four sets of boundary conditions were derived for orthotropic beams (Horgan and Simmonds, 1991) , which are equivalent to the so-called averaged boundary conditions. Recently these conditions were generalized by employing the orthogonality conditions of the asymptotic displacements to the asymptotic 0020-7683/$ -see front matter Ó 2011 Elsevier Ltd. All rights reserved. doi:10.1016/j.ijsolstr.2011.04.016 beam fundamental solutions (Kim et al., 2008) , in which it was shown that the qualitative behavior of the beam with bendingshear coupling may not be correctly predicted by the traditional Rankine-Timoshenko theory. The simplified boundary conditions were obtained using the formal asymptotic approach, where the domain equations and the boundary equations were independently derived at each asymptotic level. The weighted average was subsequently applied to derive the simplified boundary conditions; which are thus variationally inconsistent. To attack this problem, the approach proposed in this study is to more systematically derive both the domain equations and the boundary equations via variational principle, so that one does not need to apply the weighted average as discussed above. This approach will lead to a set of boundary conditions which are different from the simplified boundary conditions for an anisotropic beam.
Building upon the above arguments, the objects of this research are (a) to derive the boundary conditions of anisotropic beam systematically and asymptotically via the variational principle and (b) to justify them by means of qualitative error estimations. To achieve these goals, the paper is organized as follows:
We first introduce the Lagrange multiplier on the displacement boundary based on the virtual work principle, which renders the constrained virtual work. The weak formulations for the macroscopic one-dimensional beam equations and the microscopic two-dimensional crosssection equations with the boundary conditions are then obtained at each asymptotic level by applying the asymptotic expansion of displacements. The boundary conditions are explicitly derived, and those obtained are qualitatively justified by deriving their error with respect to those from the decay analysis method. Finally the accuracy of the method is demonstrated and discussed through the examples of isotropic and sandwich beams with clamped-free boundaries.
Virtual work principle
A generic uniform anisotropic beam is considered in this paper. Unless it is not differently specified, Greek indices will take values in the set 2, 3, whereas Latin indices will take values in 1, 2, 3. The reference one-dimensional line is represented by x 1 and the crosssectional plane is denoted by x a .
Three-dimensional linear elasticity
The three-dimensional linear elasticity problem, on which the rectangular cartesian coordinate system (x i ) is based, is stated by the following:
where r e ij represents the stress tensor and B e i is the body force, which is subject to the boundary conditions 
where S e u and S e r denote the boundaries associated with prescribed displacement and traction, respectively. n j is the direction cosine of the outward normal to the boundary.
The virtual work corresponding to (1) and (2) 
where c e ij denotes the strain tensor, and S e c represents the crosssection of the beam. Here it should be noticed that Eq. (3) does not yield the three-dimensional displacement prescribed boundary condition, which simply indicates that the displacements are needed to be prescribed on S e u instead. The Reissner mixedvariational theorem could be used to include it, which however requires the independent stress fields. For this reason, we treat the prescribed displacement boundary condition as a constraint with Lagrange multiplier.
Lagrange multiplier on the boundary
One can then rewrite the virtual work (3) as follows: 
where k e i is the Lagrange multiplier. This implies that the displacements should be prescribed on S e u . The underlined equation provides the guideline how to prescribe them. In fact, the Lagrange multiplier turns out to be
which represents the negative surface traction on S e u due to the prescribed displacements. This plays a crucial role in finding the appropriate displacement prescribed boundary condition associated with asymptotic expansions.
The constrained virtual work (4) can be simplified by (3) with the constraint
since the term, k e i du e i , is dismissed in the weak form by satisfying (6).
Asymptotic formulation
In order to apply the asymptotic expansion method by taking the advantage of slenderness of beam structures, one needs to define the small parameter, e, first. To this end, the beam crosssection is scaled in the following manner:
where h and l c represent the maximum dimension of the beam cross-section and the characteristic length of the beam, respectively. By employing the scaled coordinates presented in (7), the strain tensor and the stress tensor can be expressed in the matrix form. .
Asymptotic expansions
The given body force, the applied traction, and the prescribed displacement are scaled as follows (Buannic and Cartraud, 2001b; Kim et al., 2008) 
Recursive virtual work
One can now obtain the recursive virtual works by substituting (14) into (3) and (6) and considering the scaled prescribed quantities given in (11). Subsequently collecting the same order of the small parameter, e, yields a set of the recursive equations.
The zeroth order virtual work
The zeroth order virtual work, e 0 , is summarized by
which yields the fundamental displacement solution since the problem is well-posed (i.e. r (0) = 0) as discussed in Buannic and Cartraud (2001a) . This also implies that k (0) = 0 from (5). 
The detailed derivation can be found in Kim et al. (2008) and Kim (2009) . Here it is omitted for a brevity. By considering the results of the zeroth order virtual work,
work, e 1 , is automatically satisfied. The first order constraint equation is given by
which can be satisfied by relaxing the prescribed displacement boundary conditions given in (11) in a such way that u
The prescribed displacement component u i is a function of y 1 , i.e., which is constant over the cross-section. This will be further discussed in Section 4.
The second order virtual work
The second order virtual work, e 2 , is summarized as follows:
and the constraint equation for the displacement boundary
To find the second order displacement u
, one needs to decompose it into two parts (Kim et al., 2008 
Substituting (24) into (21) 
. One can regard this as which they are zeros when associated with dv a but not zeros when associated with d/.
One can now obtain the warping function w (2) by solving (26).
This function can be calculated by the two-dimensional finite element discretization for arbitrary cross-sectional geometry (Kim et al., 2008 The displacement boundary condition will be discussed later, since we need to calculate the third order warping solution w (3) due to the second order multiplier k (2) = Àr (2) n on S u .
The third order virtual work
In the third order virtual work, the microscopic and macroscopic equations from the previous order virtual works appear again, which are zeros already. Consequently the third order virtual work can be summarized briefly, and then the microscopic equation for w (3) are given by 
where
which forms the applied torque due to the body force and the prescribed traction. Solving (34) yields 
where the last term w
f represents the warping due to the prescribed traction on the cross-sectional boundary.
By recalling that u ð2Þ ¼ 0, the constraint equation for the displacement prescribed boundary condition is given by
3.2.4. The higher order virtual works Following the same procedure described in the previous section, the microscopic equation for w (4) in the fourth order virtual work is given as follows: 
and the constraint equations for the displacement prescribed boundary condition can be now generalized by
where k P 4.
Boundary conditions
In this section, the boundary conditions are derived and discussed in detail. The displacement boundary conditions are derived from the constraint equations, and then their errors from the asymptotically correct conditions for the interior solutions are obtained in a qualitative manner.
Constraint equations for displacement prescribed boundaries
We derived the constraint equations at each order (e k , k P 1) in the previous section that are given in (22) 
Here one can clearly see that the displacement boundary conditions of the first-order beam problem are computed by using the results of the zeroth-order beam problem. Eqs. (60) and (61) constitute a complete set of displacement boundary conditions for the first order beam problem. The first order beam problem is trivial for an isotropic beam but is not for the beam undergoing bending-shear couplings. As it was demonstrated by Kim et al. (2008) , and Kim and Wang (2010) , the boundary condition v ð1Þ a;1 in (61) plays a significant role in the bending-shear coupling behaviors.
The second order beam problem
The fourth constraint equation from (44) 
i À u
where the last term is zero again. This can be rewritten in the compact form as follows: 
in which the underlined terms include the results of previous beam problems. These underlined terms are expanded as follows: 
where the underlined terms are the same as Eqs. (49) and (58). The double underlined equation is the higher-order weighted combined version of the underlined equations, which is neglected in the present study although it might produce an error in some cases. Eq. (63) 
Eqs. (68) and (69) constitute a complete set of displacement boundary conditions for the second order beam problem. It is worthwhile to mention these boundary conditions. In (69), the bending slope v ð2Þ a;1 determines the order of shear deformation by allowing the non-zero slope at the displacement beam boundary. The warping function w ð3Þ 1 accounts for the conventional cross-sectional warping due to the shear deformation. This implies that the in-plane warping function w e 1 determines the second-order accuracy of any beam theories.
The higher order beam problems
One can now generalize the displacement boundary condition for the higher order beam problems, since the constraint equations take the same form as the second order beam problem. Recalling 
The boundary conditions for the kth order beam problem (k P 2) are then summarized as follows; the conditions for tension, bending and torsion u 
Error of the boundary conditions
In this subsection, the displacement boundary conditions are derived by the decay analysis method. The boundary conditions obtained are then compared to those obtained by the present approach in order to estimate the error between them.
Decay analysis method
One can compare the displacement boundary conditions obtained with those from the decay analysis method based on the reciprocal theorem (Gregory and Wan, 1984) . The displacement prescribed boundary condition via the decay analysis method, for the edge plane perpendicular to y 1 coordinate, is then expressed by
where a superscript, I, represents the interior solution, and r
B i1
denotes the six fundamental solutions of the cantilever beam, which represents the exact stress state on S u of a semi-infinite beam due to unit tension, bending, flexure and torsion. Without loss of generality, one can decompose this stress state into two parts such that 
Substituting (76) and (78) into (75) and considering the scaling of the prescribed displacement boundary conditions (11) 
The first order beam problem
Subsequently the boundary condition of the problem (e 
The error of the displacement prescribed boundary conditions for the first order beam problem is proportional to (83). To quantify the error, r
should be obtained for the six fundamental solutions of the cantilever beam in a state of unit tension, bending, flexure and torsion (Buannic and Cartraud, 2001b) . In this way, one can quantify the error in terms of the six displacement boundary conditions (v i , v a,1 , /). For some cases, one can quantify the error. For instance, the error (83) vanishes for an isotropic beam with simple cross-sectional geometry, when the torsion angle /
(1) is zero (i.e. beam bending problems). The warping function w 
Here one can see that the boundary layer state r PF i1 for the six fundamental solutions is required to quantify the error of each displacement prescribed boundary condition.
The higher order beam problems
The boundary conditions of the higher order beam problem (e k , k P 5) can be now generalized by 
Remarks on the boundary conditions
Although the displacement boundary conditions derived herein do not completely agree with those from the decay analysis method, the error is qualitatively justified. The errors of the displacement boundary conditions, (83), (86) and (88), can be summarized for the kth order beam problem as follows: 
which implies that none of them can be exactly satisfied (except for the zeroth order beam problem) unless the boundary layer problem is solved, i.e., it is possible only if r PF i1 state is known on S u . Eq. (89) can be simplified for an isotropic beam with simple cross-sectional geometry and without torsion. In this case, one can find the followings: The variationally consistent displacement boundary conditions are derived by employing the Lagrange multipliers on the displacement prescribed boundaries. The conditions obtained are different from the averaged boundary conditions (Duva and Simmonds, 1992; Savoia and Tullini, 1996) for the clamped boundary. Especially the non-zero slope boundary condition v a,1 does not take the simple form of hy a u I 1 i Su ¼ 0 but does the stress weighted average (69). This is one of the key contributions made in this paper. The accuracy of this condition will be examined in the following section.
Examples and discussion
The well-known solution by Timoshenko and Goodier (1970) for the bending problem of a cantilever loaded at the end is often referred to as the exact solution of elasticity theory (Levinson, 1981; Gao and Wang, 2005) . It however does not necessarily have to be the exact solution since it satisfies the clamped boundary condition neither in a three-dimensional sense nor in an asymptotic sense, as noted by Gregory and Wan (1984) . The results obtained for isotropic and sandwich beams are discussed in terms of the boundary conditions in this section.
Isotropic beam
In this example, the analytical solution obtained by the present constrained virtual work-based asymptotic analysis (CV) is compared to that from the Euler-Bernoulli beam theory (EB), the Rankine-Timoshenko beam theory (RT) and the elasticity solution (TE) (Timoshenko and Goodier, 1970) . Let us consider an isotropic cantilever beam with uniform narrow rectangular cross-section (height h and width b) loaded by a transverse shear force, p, at the free-end x 1 = l.
The beam displacement boundary conditions obtained up to the second order are summarized as follows: 
where I denotes the moment of inertia of the beam, and the second order deflection is found to be v
The non-zero warping functions are obtained by analytically solving (26) and (34) with the warping constraints (Kim et al., 2008) as follows:
where one can see that w
is antisymmetric. For the isotropic beam, the average boundary condition is asymptotically correct up to the second order as reported in Horgan and Simmonds (1991) . The error will vanish, i.e., V under the unit bending load is antisymmetric (Gregory and Gladwell, 1982 
Note that the bending slopes obtained by the averaged condition and Eq. (72) with k = 3 are same in this isotropic case, but this does not hold for the case that the bending stress is non-linear. This will be demonstrated in the second example.
5.1.1. Bending slope and the shear factor As discussed in Section 4.3, the sole error in the CV comes from the displacement boundary condition v
3 ð0Þ since v
3;1 ð0Þ is asymptotically correct in this example. The bending slope of CV and CV⁄ can be therefore regarded as the exact interior solution, where the CV⁄ represents the constrained virtual work-based asymptotic analysis with the averaged boundary conditions, (103) and (104).
The bending slopes are compared in Table 1 . From this comparison, one can obtain the shear correction factor used to the RT. It is found to be
which is compared to the factor found by Cowper (1966) for a beam with thin rectangular cross-section that is given by
Note that the asymptotic bending slope (or the shear correction factor) is different from that of TE as well as Cowper's one.
Accuracy of the solutions
Although we do not know the exact interior solution, one can estimate its upper and lower bounds via the Synge's hypercircle theorem (Synge, 1957) . It states that the statically admissible stress field gives an upper bound to the true strain energy, whereas the kinematically admissible displacement field gives a lower bound to it.
Once we solved up to the second order beam problems, both upper and lower bounds can be calculated. 
Sandwich beam
The second example is a cantilevered sandwich beam with a square solid cross-section (Fig. 1) . In this case, the numerical solu 
which are now different from the conditions derived herein (110). The deflection curves are plotted in Fig. 2 , where the RT with k RT s ¼ 5=6 and the 3D FEM data taken from Kim et al. (2008) . It is shown that the RT is not better than the EB unless the proper shear factor is considered. This can be confirmed by finding the shear factor whose value is very small, k s = 0.0055365, which is computed by comparing the RT with the CV as in Section 5.1.1. If this shear factor is used to the RT, the deflection curves obtained coincide with the CV. It is also verified that the CV yields a better prediction than the CV⁄ (because the bending slope boundary condition of the Fig. 1 . A sandwich cantilever loaded at the end.
CV is more accurate). This can be clearly seen in the bending slope distribution along the axial coordinate shown in Fig. 3 , where the CV coincides with the 3D FEM in the interior zone approximately from x 1 = 100 mm to x 1 = 250 mm. The boundary layers (or the PF states) developed at both edges are also observed. In spite of such strong boundary layers, the CV is able to accurately predict the interior solutions. The difference between 3D FEM deflection and CV deflection is plotted in Fig. 4 , which is also compared to that between 3D FEM deflection and EB deflection. The error of the CV is constant in the interior zone, whereas the error of EB increases monotonically.
The example clearly indicates that the displacement boundary conditions developed via the constrained virtual work principle work very well for the example considered. However more sophisticated verification is needed to generalize the asymptotic accuracy of the present approach. This is subjected to future work.
Conclusions
In this research, an asymptotic approach based on the constrained virtual work principle is developed to model a generic uniform anisotropic beam. The macroscopic beam and microscopic cross-sectional equations with the boundary conditions are systematically derived by applying the asymptotic expansions to the displacement vector. The displacement boundary conditions obtained are examined in terms of the qualitative error based on the decay analysis method. Although the displacement boundary conditions derived herein do not completely agree with those from the decay analysis method for a generic anisotropic beam, they are potentially the best candidates for most applications without relying on the boundary layer solutions or the decay analysis method. This is demonstrated via the examples of a cantilever beam loaded at the end. The approach developed can be applied to any problem in which the virtual work principle is valid. By doing so, one can conduct more accurate structural analysis via the asymptotically correct boundary conditions. 
